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Abstract. In this paper we establish the orbital stability of standing wave solutions associated
to the one-dimensional Schro¨dinger-Kirchhoff equation. The presence of a mixed term gives us
more dispersion, and consequently, a different scenario for the stability of solitary waves in
contrast with the corresponding nonlinear Schro¨dinger equation. For periodic waves, we exhibit
two explicit solutions and prove the orbital stability in the energy space.
1. Introduction
This paper addresses orbital stability results for the one-dimensional evolutionary Schro¨dinger-
Kirchhoff equation
iut `
ˆ
1`
ż
B
|ux|2dx
˙
uxx ` |u|2ru “ 0, (1.1)
where r ě 1 and u “ upx, tq is a complex-valued function defined over the set B ˆ R`. Here,
B “ R or B “ T and in the second case, we restrict ourselves to periodic solutions with period
2pi by convenience. Equation p1.1q arises in quantum mechanics and describes the dynamics of
the particle in a non-relativistic setting (see [4]). The additional term
ş
B
|ux|2dx represents a
magnetic potential.
From the mathematical point of view, the mixed dispersive term in p1.1q provides us a lack
of scaling invariance which is a very important property to determine, for instance, a threshold
value for obtaining global well-posedness results in the energy space.
Another important mathematical aspect concerning equation p1.1q is the existence of standing
waves. They are finite-energy waveguide solutions of (1.1) having the form
upx, tq “ eiωtφpxq, (1.2)
where ω is a positive constant representing the frequency of the wave and φ : BÑ R is a smooth
function satisfying: φpnqpxq Ñ 0 for all n P N, as |x| Ñ `8, when B “ R or φpnqp0q “ φpnqp2piq
for all n P N, when B “ T.
Here, we consider smooth curves of standing waves φ depending on ω. To do so, we substitute
(1.2) into (1.1) to obtain the following nonlinear ODE
´
ˆ
1`
ż
B
φ12dx
˙
φ2 ` ωφ´ φ2r`1 “ 0. (1.3)
First, we consider the case B “ R. Solitary waves with hyperbolic secant profile of the form
φpxq “ a sech 1r pbxq, (1.4)
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satisfies equation p1.3q. Here, a and b are smooth parameters depending on ω to be determined
later on.
When B “ T, positive and periodic standing waves associated to the equation p1.3q for some
particular cases of r are well known. Indeed, if one considers the case r “ 1, we have
φpxq “ adnpbx, kq. (1.5)
Now, for the case r “ 2, a positive and periodic wave can be expressed by
φpxq “ adnpbx, kqa
1´ αsn2pbx, kq , (1.6)
where dn and sn are the Jacobi Elliptic Functions called dnoidal and snoidal, respectively. The
value k P p0, 1q is called modulus of the elliptic function and parameters a, b, α, and ω depend
smoothly on the modulus k.
Our main interest in this paper is to show that the standing wave φ with profiles (1.4), p1.5q
or p1.6q are orbitally stable in the complex energy space H1 (see the definition of Hn, n P N
ahead). As far we can see, the standing wave φ is orbitally stable, if the profile of an initial data
u0 for (1.1) is close to φ, then the associated evolution in time uptq, with up0q “ u0, remains
close to φ, up to symmetries, for all values of t ě 0 (see Definition 2.5 for the precise definition).
The strategy to prove the orbital stability/instability of standing waves is based on the de-
velopments contained in [7], [8] and [11] where the authors have been established sufficient con-
ditions for obtaining the orbital stability/instability of standing waves for abstract Hamiltonian
systems of the form
utptq “ JE1puptqq (1.7)
posed on a Hilbert space X, where J is an invertible bounded operator in X and E1 represents
the Fre´chet derivative of a energy functional E. In our context, J “
ˆ
0 ´1
1 0
˙
and E is given
by
Epuq “ 1
2
ż
B
|ux|2dx` 1
2
ˆż
B
|ux|2dx
˙2
´ 1
2r ` 2
ż
B
|u|2r`2dx. (1.8)
One of the most crucial assumptions in such theories are that the underlying standing wave
belongs to a smooth curve of standing waves, ω P I ÞÑ φω, depending on the phase parameter
ω. The existence of a smooth curve is very useful to calculate the precise sign of
d
dω
ż
B
φ2dx, (1.9)
which plays an important role in the orbital stability/instability analysis.
Another important fact concerns some results of spectral analysis for the linear operator
arising in the linearization of the equation around the standing wave. In our context, such
an operator turns out to be a matrix operator containing Schro¨dinger-type operators in the
principal diagonal. In our paper, we need to use some tools contained in the classical Sturm-
Liouville (B “ R) and Floquet (B “ T) theories.
We can summarize our stability results by stating the following Theorem:
Theorem 1.1. (i) For the case B “ R, the smooth curve of standing wave solutions associated
to the equation p1.3q is orbitally stable in H1 provided that r “ 1, 2. If r “ 4 the solitary wave
φ is orbitally unstable in H1e.
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(ii) For the case B “ T, the smooth curve of standing wave solutions associated to the equation
p1.3q is orbitally stable in H1 if r “ 1, 2.
At least one contribution concerning the orbital stability of ground states associated with
the equation p1.1q can be found in the current literature. In the three-dimensional case and
r P p0, 2{3q, the authors in [14] showed that the solitary waves which minimize E in p1.8q
subject to fixed mass are orbitally stable in H1. The proof relies tools contained in the abstract
theory in [13] and a suitable result of uniqueness for the associated solitary waves.
Next we perform a comparison between our results and the orbital stability of solitary standing
waves associated with the well known nonlinear Schro¨dinger equation
iut ` uxx ` |u|2ru “ 0. (1.10)
We can find a considerable number of contributors concerning this topic (see for instance [7],
[8] and related works). In fact, first of all it is well known that a hyperbolic secant profile of
the form p1.4q and depending smoothly on ω ą 0 also solves equation p1.3q. This fact and the
presence of scaling invariance in equation p1.10q give us
d
dω
ż
R
φ2dx “ crp2´ rq
ż
R
φ2dx, (1.11)
where cr is a positive constant depending on r. The solitary wave φ is orbitally stable for
1 ă r ă 2 and unstable in H1e for r ą 2. In the degenerate case r “ 2 the methods aforementioned
can not be applied since φ is a saddle point of the problem in finding a minimum/maximum
point of the associated energy with fixed momentum. In our case, the absence of the scaling
invariance does not determine a good equality as in p1.11q and the choice of the conditional
exponent to get the global well-posedness in H1 (see Subsection 2.3), namely r “ 4, give us the
orbital instability of the corresponding solitary wave in H1e.
Regarding the orbital stability of periodic waves, we have two important references. For the
case r “ 1, it is well known that periodic waves with dnoidal type as in p1.5q are solutions of
the equation p1.10q and the orbital stability of these waves have been determined in [2]. The
critical case r “ 2 was treated in [3], where the authors established orbital stability in H1 and
orbital instability in H1e for the positive periodic wave in p1.6q. Important to mention that in
both cases, the authors have been used a combination of the main arguments in [7], [8] and [13]
for the stability and [7] for the instability. Our results give us that for both cases r “ 1 and
r “ 2 the corresponding dnoidal waves are orbitally stable.
The paper is organized as follows. In Section 2 we introduce some notations and additional
results. Section 3 is devoted to the spectral theory associated to the linearized operator around
the wave pφ, 0q. In Section 4 we show our stability result for the standing wave (1.2).
2. Notation and Preliminaries
2.1. Notations. We present some notation used throughout the paper. Given n P N, by Hn :“
HnpBq we denote the usual Sobolev space of real-valued functions. In particular H0pBq » L2pBq.
The scalar product in Hn will be denoted by p¨, ¨qHn and the norm induced by this inner product
is indicated by || ¨ ||Hn . We set
L
2 “ L2pBq ˆ L2pBq and Hn “ HnpBq ˆHnpBq.
Such spaces are endowed with their usual norms and scalar products. H1e indicates the space H
1
constituted by even functions.
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Besides E in p1.8q, equation (1.1) conserves the mass
F puq “ 1
2
ż
B
|u|2 dx. (2.1)
Equation (1.1) can also be viewed as a real Hamiltonian system. In fact, by writing u “ P`iQ
and separating real and imaginary parts, we see that (1.1) is equivalent to the system$’’&’’%
Pt `
ˆ
1`
ż
B
P 2x `Q2xdx
˙
Qxx `QpP 2 `Q2qr “ 0,
´Qt `
ˆ
1`
ż
B
P 2x `Q2xdx
˙
Pxx ` P pP 2 `Q2qr “ 0.
(2.2)
Moreover, the quantities (1.8) and (2.1) become
EpP,Qq “ 1
2
ż
B
P 2x `Q2xdx`
1
2
ˆż
B
P 2x `Q2xdx
˙2
´ 1
2r ` 2
ż
B
pP 2 `Q2qr`1dx, (2.3)
F pP,Qq “ 1
2
ż
B
pP 2 `Q2q dx. (2.4)
Consequently, (2.2) or, equivalently, (1.1) can be written as
d
dt
Uptq “ JE1pUptqq, U “
ˆ
P
Q
˙
, (2.5)
where J is given by J “
ˆ
0 ´1
1 0
˙
and it is easy to see that J´1 “ ´J.
Equation (1.1) is invariant under the unitary action of rotation and translation, that is, if
u “ upx, tq is a solution of (1.1) so are e´iθu and upx ´ s, tq, for any real numbers θ and s.
Equivalently, this means if U “ pP,Qq is a solution of (2.5), so are
T1pθqU :“
ˆ
cos θ sin θ
´ sin θ cos θ
˙ˆ
P
Q
˙
(2.6)
and
T2psqU :“
ˆ
P p¨ ´ s, ¨q
Qp¨ ´ s, ¨q
˙
. (2.7)
The actions T1 and T2 define unitary groups in H
2 with infinitesimal generators given, respec-
tively, by
T 11p0qU :“
ˆ
0 1
´1 0
˙ˆ
P
Q
˙
” ´J
ˆ
P
Q
˙
and
T 12p0qU :“ Bx
ˆ
P
Q
˙
.
In this context, a standing wave solution having the form (1.2) becomes a solution of (2.2) of
the form
Upx, tq “
ˆ
φpxq cospωtq
φpxq sinpωtq
˙
. (2.8)
Thus, the function U in (2.8), with φ given by one of the solutions in p1.4q, p1.5q or p1.6q is a
standing wave solution of (2.2).
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Next, from (1.3) we obtain that pφ, 0q is a critical point of the functional E`ωF in the sense
that
E1pφ, 0q ` ωF 1pφ, 0q “ 0. (2.9)
To simplify the notation, we set
Φ :“ pφ, 0q (2.10)
and let us define
G :“ E ` ωF. (2.11)
We see from p2.9q that G1pΦq “ 0.
The splitting u “ P ` iQ enables us to introduce the diagonal linear operator given by
L :“
¨˝
LRe 0
0 LIm
‚˛, (2.12)
where
LRe :“ ´
ˆ
1`
ż
B
φ12dx
˙
B2x ´ 2pφ1, Bx¨qL2φ2 ` ω ´ p2r ` 1qφ2r (2.13)
and
LIm :“ ´
ˆ
1`
ż
B
φ12dx
˙
B2x ` ω ´ φ2r. (2.14)
This operator appears in the linearization of (2.2) around the wave Φ “ pφ, 0q. The knowledge
of its spectrum is cornerstone in the analysis contained in Section 3.
2.2. Existence of solitary and periodic standing waves. In this subsection, we show the
existence of explicit standing wave solutions associated to the equation p1.3q. First, we prove
the existence of solitary waves as in p1.4q.
Case 1. B “ R.
We prove that particular cases of r the profile in p1.4q is a solution for the equation p1.3q and
we establish that the values of a and b are given in terms of ω P I. Here, I is an unbounded
open interval contained in R. After that, we deal with the general case by supposing additional
conditions to get a and b depending on ω in open bounded intervals.
‚ For instance, if r “ 1 one has that
a “ 1
2b2
`
6bpω ´ b2q˘ 12 (2.15)
and b is a complicated function in terms of ω given by
b “ 1
4ω
¨˚
˚˝˚˜
24ω3 ´ 1` 4
?
3
c
12ω3 ´ 1
ω
ω2
¸ 1
3
` 1ˆ
24ω3 ´ 1` 4?3
b
12ω3´1
ω
ω2
˙ 1
3
´ 1
‹˛‹‹‚. (2.16)
We see from p2.16q that ω ą 13?
12
« 0.43679 and we can define b and a in terms of ω with
0.57235 « 1
4
3
?
12 ă b ă b0 « 0.9 and a ą 124
?
96 3
?
12 « 0.93467. Moreover, a and b are strictly
increasing functions in terms of ω according to the following pictures:
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Figure 1. Graphic of a. Figure 2. Graphic of b.
‚ Let us consider the case r “ 2. For ω ą 8
9pi
« 0.28294, we see that a and b can also be
explicitly determined but we omit their expressions to simplify the notations. As above, a and
b are strictly increasing functions in terms of ω according to the following pictures:
Figure 3. Graphic of a. Figure 4. Graphic of b.
‚ If r “ 4 we have a and b can be explicitly determined in terms of ω ą ω0 « 0.19594. Next
pictures show us the behavior of a and b in terms of ω.
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Figure 5. Graphic of a. Figure 6. Graphic of b.
‚ The general case can be determined under a set of local conditions. First of all, let us substitute
the general form in p1.4q into ş
R
φ12dx to getż
R
φ12dx “ a
2b
r2
ż
R
sech
2
r pxqtanh2pxqdx “ a
2b
r2
Aprq, (2.17)
where Aprq is a positive number depending on r ě 1. From p1.3q, p1.4q and p2.17q we deduce
a “
a
Aprqbpr2ω ´ b2qr
Aprqb2 , (2.18)
with b satisfying the following nonlinear equation
´
˜a
Aprqb pr2ω ´ b2qr
Aprqb2
¸2 r`1
r4 `
p1` rqaAprqb pr2ω ´ b2qrˆr2 ` pr2ω´b2qr2
b2
˙
Aprq “ 0. (2.19)
Let r ě 1 be fixed. For a fixed ω0 ą 0 large enough and b0 ą 0 sufficiently small, we obtain by
implicit function theorem the existence of an open interval Iω0 around ω0 and an open interval
Ib0 around b0 such that p2.19q is valid for all ω P Iω0 and b P Ib0 . In addition, there exists
a unique smooth function B : Iω0 Ñ Ib0 such that Bpωq “ bpωq in Iω0 . As a consequence,
parameter a in p2.18q is well determined and depends smoothly on ω P Iω0 . Therefore, at least
locally the profile in p1.4q solves equation p1.3q.
Case 2. B “ T.
‚ If r “ 1 we need to find a, b and ω in p1.5q in terms of k. To do so, let us consider k P p0, k˚q,
where k˚ « 0.979653. This restriction enables us to consider smooth parameters a, b and ω in
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terms of k given by
a “
?
6piKpkqa
8p1 ´ k2qKpkq4 ´ 4p2´ k2qEpkqKpkq3 ` 3pi3 , (2.20)
b “ Kpkq
pi
, (2.21)
and
ω “ 3p2 ´ k
2qpiKpkq2
8p1´ k2qKpkq4 ´ 4p2 ´ k2qEpkqKpkq3 ` 3pi3 . (2.22)
We see from p2.20q and p2.22q that a and ω must satisfy a ą
?
2
2
and ω ą 1
2
. Moreover, both
parameters are strictly increasing functions in terms of k according to the Figures 7 and 8.
Figure 7. Graphic of a. Figure 8. Graphic of ω.
‚ If r “ 2, we consider b “ Kpkq
pi
,
α “ ´k2 ` 1´
a
k4 ´ k2 ` 1, (2.23)
and
ω “ a
4k2pαk2 ´ k2 ´ αq
α2pα´ 2q . (2.24)
The denominator in p1.6q makes sense since α ă 0. We omit the expression for a “ apkq to
simplify the notation. We can plot a and ω in terms of k according to the Figures 9 and 10.
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Figure 9. Graphic of a.
Figure 10. Graphic
of ω.
2.3. Local and global well-posedness results. We present local and global well-posedness
results for the Cauchy problem associated to the equation p1.1q given by$&% iut `
ˆ
1`
ż
B
|ux|2dx
˙
uxx ` |u|2ru “ 0, in BˆR`,
up0q “ u0pxq, x P B.
(2.25)
Concerning the case B “ T, global solutions in H2pTq are determined using the compact em-
bedding HspTq ãÑ LqpTq for s, q ě 1 and a convenient Galerkin’s approximation combined with
good bounds of the approximate solutions. In addition, the compact embeddingH2pTq ãÑ H1pTq
allows us to prove the existence and uniqueness of global solutions in Cpr0,`8q;H1pTqq em-
ploying density arguments. Since the proof in the periodic case is standard, we only consider
the case B “ R and solutions in H1pRq.
Let us consider the auxiliary initial value problem associated to the p2.25q given by#
ivt ` βptqvxx ` |v|2rv “ 0, in Rˆ R`,
vpx, t0q “ v0pxq, x P R.
(2.26)
where t0 P R` is a fixed real number and β is a continuous real-valued function depending on
the time t P R`. For each pair pt, lq P R` ˆ R` we denote by Spt, lq the propagator associated
to the linear part of p2.26q. For a fixed t0 P R one has
Spt, t0qv0pxq “
´
e´iBpt,t0qξ
2
vˆ0pξq
q¯
pxq, (2.27)
where fˆ is the Fourier Transform of f in L2pRq, fˇ denotes the inverse Fourier Transform in the
same space and B is defined by Bpt, lq :“ şt
l
βpτqdτ . Let t,m, l be real numbers. The linear
propagator Spt, lq satisfies the following basic properties
Spt, lq “ Spt,mqSpm, lq, Spt, lq “ Spl, tq´1 and Spt, lq “ Spt, 0qSpl, 0q´1 :“ SptqSplq´1. (2.28)
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If s ě 0 and t0 is a fixed number, the linear propagator Spt, t0q is an isometry in HspRq, that
is, for all f P HspRq one has ||Spt, t0qf ||Hs “ ||f ||Hs .
Similarly to the arguments in [6], we can prove the following following results.
Proposition 2.1. Let pp, qq, pp0, q0q and pp1, q1q be any admissible pairs. The linear propagator
associated to the linear part of the equation in p2.26q satisfiesˆż
R`
||Spt, τqf ||qLpdt
˙ 1
q
ď C1||f ||L2 , (2.29)ˆż
R`
››››ż
R`
Spt, τqF p¨, τqdτ
››››q
Lp
dt
˙ 1
q
ď C2
ˆż
R`
||F p¨, tq||q1
Lp
1dt
˙ 1
q1
, (2.30)
and ˆż T
0
››››ż t
0
Spt, τqF p¨, τqdτ
››››q1
Lp1
dt
˙ 1
q1 ď C3
ˆż T
0
||F p¨, tq||q10
L
p
1
0
dt
˙ 1
q
1
0
, (2.31)
where for i “ 1, 2, 3 one has that Ci ą 0 are constants depending on the admissible pairs.
Proof. See [6, Theorem 2.3.3].

In what follows, we shall consider t0 “ 0 in p2.26q and we restrict the Cauchy problems p2.25q
and p2.26q to the case px, tq P R ˆ r0,`8q. Using the estimates in the last proposition, we can
prove next result employing a fixed point argument.
Proposition 2.2. For all v0 P H1pRq there exists Tmax ą 0 and a unique solution v related
to the equation p2.26q such that v P Cpr0, Tmaxq;H1pRqq X C1pr0, Tmaxq;H´1pRqq. In addition,
there is a blow-up alternative in the sense that if Tmax ă 0, then ||vptq||H1 Ñ `8 as tÑ Tmax.
The solution in fact has a smoothing effect in the sense that v P Lqpr0, Tmaxq;W 1,ppRqq, where
pp, qq is an admissible pair.
Proof. The proof of this proposition is similar to [6, Theorem 4.8.1]. 
We are in position to consider βptq “ 1` ş
R
|uxpx, tq|2dx in the equation p2.26q and according
with the fixed point argument used in Proposition 2.2 we see that β is continuous in time.
Proposition 2.2 establishes the existence of local solutions in H1 associated to the Cauchy
problem p2.25q.
Proposition 2.3. For all u0 P H1pRq there exists Tmax ą 0 and a unique solution u related
to the equation p2.25q such that u P Cpr0, Tmaxq;H1pRqq X C1pr0, Tmaxq;H´1pRqq. In addition,
there is a blow-up alternative in the sense that if Tmax ă 0, then ||uptq||H1 Ñ `8 as tÑ Tmax.
Proof. See Proposition 2.2. 
We finish this subsection with the following theorem which provides us the existence of global
solutions in H1pBq.
Theorem 2.4. For r P r1, 4q local solutions in H1 for the Cauchy problem p2.25q are global in
time in the sense that T can be chosen as T “ `8. If r “ 4 and ||u0||L2 is small enough, the
solution is also global in time.
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Proof. To prove the global theory, we employ the Gagliardo-Nirenberg inequality to estimate
the last term of the identity p1.8q in terms of ||ux||L2 as
||u||L2pr`1q ď C1||ux||
r
2pr`1q
L2
||u||
r`2
2pr`1q
L2
` C2||u||L2 , (2.32)
where C1 ą 0 and C2 ě 0 are constants with C2 “ 0 when B “ R.
Since the L2-norm is a conserved quantity for p1.1q, we can assume that p2.32q can be given
in terms of our local solution determined in Proposition 2.2 and we rewrite it as
||u||L2pr`1q ď C1||ux||
r
2pr`1q
L2
||u0||
r`2
2pr`1q
L2
` C2||u0||L2 , (2.33)
where we omit the temporal variable to simplify the notation.
By p1.8q we have
||ux||2L2 ` ||ux||4L2 ď 2Epu0q ` 1r`1 ||u||2r`2L2r`2
ď 2Epu0q `C3||ux||rL2 ||u0||r`2L2 ` C4p||u0||L2q.
(2.34)
Therefore if r P r1, 4q the solutions are global in time as requested. When r “ 4, we need to
assume a convenient smallness on the initial data in the L2´norm to get global solutions.

2.4. The definition of orbital stability. In this subsection, we define our notion of orbital
stability. Since (2.5) is invariant by the transformations (2.6) and (2.7), we define the orbit
generated by Φ “ pφ, 0q as
ΩΦ “ tT1pθqT2psqΦ; θ, s P Ru
“
"ˆ
cos θ sin θ
´ sin θ cos θ
˙ˆ
φp¨ ´ sq
0
˙
; θ, s P R
*
.
(2.35)
Over H1, we define the pseudo-metric d given by
dpf, gq :“ inft}f ´ T1pθqT2psqg}H1 ; θ, s P Ru.
By definition, the distance between f and g is the distance between f and the orbit generated
by g under the action of rotations and translations. In particular,
dpf,Φq “ dpf,ΩΦq. (2.36)
Definition 2.5. Let Θpx, tq “ pφpxq cospωtq, φpxq sinpωtqq be a standing wave for (2.5). We say
that Θ is orbitally stable in H1 provided that, given ε ą 0, there exists δ ą 0 with the following
property: if U0 P H1 is an initial data associated to the Cauchy problem p2.5q and satisfying
}U0´Φ}H1 ă δ, then the solution, Uptq, of (2.5) with initial condition U0 exist for all t ě 0 and
satisfies
dpUptq,ΩΦq ă ε, for all t ě 0.
Otherwise, we say that Θ is orbitally unstable in H1.
3. Spectral Analysis
In this section we are going to use basic facts about Sturm-Liouville and Floquet theories to
know the quantity and multiplicity of the non-positive eigenvalues of L. Since L is a diagonal
operator, its eigenvalues are given by the eigenvalues of the operators LRe and LIm.
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3.1. The spectrum of LRe and LIm - case B “ R. Attention will be turned to the spectrum
of the operator LRe and LIm for the case of solitary waves p1.4q. First, we present the spectral
analysis for the operator LRe.
Proposition 3.1. The operator LRe in (2.13) defined on L
2pRq with domain H2pRq has a unique
negative eigenvalue, which is simple with positive associated eigenfunction. The eigenvalue zero
is simple with associated eigenfunction φ1. Moreover the rest of the spectrum is bounded away
from zero and the essential spectrum is the interval
”
ω
1`ş
R
φ12dx
,`8
¯
.
Proof. The second part of the proposition can be established using Weyl’s Criterium in [1,
Theorem B.48] and we are going to prove the first part for the case r “ 1 since the cases r “ 2
and r “ 4 are quite similar. Indeed, we obtain by the explicit profile in p1.4q and some additional
calculations that
pLReφ, φqL2 “ ´2
ż
R
φ4dx` 2
ˆż
R
φ12dx
˙2
ă 0.
In other words, LRe has at least one negative eigenvalue. Next, for any P P H2pRq we have
pLReP,P qL2 “ pL1P,P qL2 ` 2pφ1, BxP q2L2 , (3.1)
where L1 “ ´
`
1` ş
R
φ12dx
˘ B2x ` ω ´ 3φ2. Since 1` şR φ12dx is a positive constant, φ1 has only
one zero over R and LReφ
1 “ L1φ1 “ 0, we see from the classical Sturm-Liouville Theory that L1
has only one negative eigenvalue which is simple and zero is a simple eigenvalue with associated
eigenfunction φ1. Moreover, the remainder of the spectrum of L1 is bounded away from zero.
Let χ1 be the eigenfunction associated to the unique negative eigenvalue of L1. Then, if gKχ1,
it follows that pL1g, gqL2 ě 0. Therefore, if λ denotes the second eigenvalue of LRe, from the
Min–Max Principle (see [12, Theorem XIII.1]), we obtain using p3.1q
λ “ max
χ
min
gKrχs,||g||“1
pLReg, gqL2 ě min
gKrχ1s,||g||“1
pL1g, gqL2 ě 0.
This proves that the first eigenvalue of LRe is negative and simple and zero is the second
eigenvalue. To prove that 0 is also simple, we use a similar analysis as above to prove that the
third eigenvalue of LRe is positive. 
Concerning LIm, we have the following result.
Proposition 3.2. The operator LIm in (2.14) defined on L
2pRq with domain H2pRq has no
negative eigenvalue. The eigenvalue zero is simple with associated eigenfunction φ. Moreover
the rest of the spectrum is bounded away from zero and the essential spectrum is the interval”
ω
1`ş
R
φ12dx
,`8
¯
.
Proof. Since φ is positive and LImφ “ 0, we see directly from the Sturm-Liouville Theory that
0 is the first eigenvalue of LIm and it is result to be simple. 
We finish this subsection by stating the spectral properties of the “linearized” operator L.
Indeed, a combination of Propositions 3.1 and 3.2 gives us the following.
Theorem 3.3. The operator L in (2.12) defined on L2 with domain H2 has a unique negative
eigenvalue, which is simple. The eigenvalue zero is double with associated eigenfunctions pφ1, 0q
and p0, φq. Moreover the essential spectrum is the interval
”
ω
1`ş
R
φ12dx
,`8
¯
.
Proof. The proof of this result is an immediate consequence of Propositions 3.1 and 3.2. 
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3.2. The spectrum of LRe and LIm - case B “ T. We start this subsection by establishing
some basic facts on the Floquet theory. In general setting, we consider the second order ordinary
differential equation as
´ ψ2 ` gpω,ψq “ 0, (3.2)
where g is a smooth function in all variables. We assume that the parameter ω belongs to an
open set P Ă R.
Now, let D be the linearized equation of (3.2) at ψ, where ψ is an 2pi´periodic solution of
(3.2). The linearized operator around ψ
Dy “ ´y2 ` g1pω,ψq y, ω P P (3.3)
is a Hill operator, therefore, according to [9], the spectrum of D is formed by an unbounded
sequence of real numbers
λ0 ă λ1 ď λ2 ă λ3 ď λ4 ¨ ¨¨ ă λ2n´1 ď λ2n ă ¨ ¨ ¨,
where equality means that λ2n´1 “ λ2n is a double eigenvalue.
According with the Oscillation Theorem in [9], the spectrum of D is characterized by the
number of zeros of the eigenfunctions. In fact, if h is an eigenfunction associated to the eigenvalue
λ2n´1 or λ2n, then h has exactly 2n zeros in the half-open interval r0, 2piq.
Let ty1, y2u be a fundamental set related to the Hill equation
´ y2 ` g1pω,ψq “ 0. (3.4)
Suppose that y1 is an 2pi´periodic solution of p3.4q. The arguments in [9] establish a connec-
tion between y1 and y2 through the equality,
y2px` 2piq “ y2pxq ` θy1pxq, (3.5)
where θ is a real constant.
Next result gives us a necessary and sufficient condition to decide about the periodicity of
y2 and a sufficient condition to know the exact position of the zero eigenvalue associated to D
when θ ‰ 0.
Theorem 3.4. Let y1 be the eigenfunction of D in p3.3q associated to the zero eigenvalue, and
θ is the constant given by p3.5q. The zero eigenvalue is simple if and only if θ ‰ 0. Moreover, if
y1 has 2n zeros in the half-open interval r0, 2piq, then λ2n´1 “ 0 if θ ă 0, and λ2n “ 0 if θ ą 0.
Proof. See [10]. 
We have similar results as established by Propositions 3.1 and 3.2 in the periodic context.
Proposition 3.5. Operator LRe in p2.13q defined in L2pTq with domain H2pTq has its first two
eigenvalues simple, being the eigenvalue zero the second one with eigenfunction φ1. Moreover,
the remainder of the spectrum is constituted by a discrete set of eigenvalues.
Proof. The proof is very similar to the proof of Proposition 3.1. The main difference is that we
need to use Theorem 3.4 instead of the Sturm-Liouville Theory in order to obtain the behavior
of the first two eigenvalues of L1. As usual, the second part of the proposition can be established
using Weyl’s Criterium in [1, Theorem B.48] and we are going to prove the first part for the
case r “ 1.
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First of all, we have thatż
T
φ12dx “ 2a2bk4
ż Kpkq
0
cn2px, kq sn2px, kq dx
“ ´8p1´ k
2qKpkq4 ` 4p2 ´ k2qEpkqKpkq3
8p1 ´ k2qKpkq4 ´ 4p2´ k2qEpkqKpkq3 ` 3pi3 “: τ1pkq, (3.6)
and ż
T
φ4dx “ 24pi
3Kpkq3r2p2´ k2qEpkq ´ p1´ k2qKpkqs
r8p1 ´ k2qKpkq4 ´ 4p2´ k2qEpkqKpkq3 ` 3pi3s2 “: τ2pkq. (3.7)
So, by using (3.6) and (3.7), we obtain
pLReφ, φqL2 “ ´2
ż
T
φ4dx` 2
ˆż
T
φ12dx
˙2
“ ´2τ2pkq ` 2rτ1pkqs2 “: τpkq.
The picture below shows us that τpkq ă 0, for all k P p0, k˚q:
Thus, we obtain
pLReφ, φqL2 ă 0,
that is, LRe has at least one negative eigenvalue. On the other hand, for any P P H2pTq, we
have
pLReP,P qL2 “ pL1P,P qL2 ` 2pφ1, BxP q2L2 , (3.8)
where L1 “ ´
`
1` ş
R
φ12dx
˘ B2x ` ω ´ 3φ2. Since 1` şR φ12dx is a positive constant, φ1 has two
zeroes over T and LReφ
1 “ L1φ1 “ 0, we need to apply Theorem 3.4 to decide about the position
and the simplicity of the zero eigenvalue. In fact, first we see that the Oscillation Theorem in
[9] gives us that 0 can be the second or third eigenvalue of L1. To determine the exact position,
we need to solve the following initial value problem
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$’’’’’’&’’’’’’%
´y¯2 ` ω
1` ş
T
φ12dx
y¯ ´ 3φ
2
1` ş
T
φ12dx
y¯ “ 0
y¯p0q “ ´ 1
φ2p0q
y¯1p0q “ 0,
(3.9)
where tφ1, y¯u is the fundamental set associated to the equation L1y “ 0. Since φ1 is odd and y¯
is even, the value of θ in Theorem 3.4 is given by
θ “ y¯
1p2piq
φ2p0q . (3.10)
We can solve numerically the initial value problem in p3.9q for a fixed value for ω in the
parameter regime. For instance, if k0 “ 0.5 one can see that ω0 “ ωpk0q « 0.508 and θ “
´18.7569 ă 0. Since L1 is isoinertial with respect to ω (that is, the quantity and multiplicity of
non-positive eigenvalues of L1 remains constant with ω in the parameter regime of solutions),
we deduce from the arguments in [10] that npL1q “ 1 and kerpL1q “ rφ1s, where npAq indicates
the number of negative eigenvalues of a linear operator A.
It remains to consider the case r “ 2. The procedure is similar as in the case r “ 1. Initially,
we define a new function in terms of the modulus k,
pLReφ, φqL2 “ ´4
ż
T
φ6dx` 2
ˆż
T
φ12dx
˙2
:“ γpkq.
In order to simplify the notation, we omit the (heavy) explicit expression for γ in terms of k,
but we present a picture to describe its behavior.
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So,
pLReφ, φqL2 ă 0,
and LRe has at least one negative eigenvalue. To determine the exact position of the zero
eigenvalue, we need to solve a similar initial value problem p3.9q given by$’’’’’’&’’’’’’%
´y¯2 ` ω
1` ş
T
φ12dx
y¯ ´ 5φ
4
1` ş
T
φ12dx
y¯ “ 0
y¯p0q “ ´ 1
φ2p0q
y¯1p0q “ 0.
(3.11)
As above, we can determine p3.11q for a fixed value ω “ ω0 using numerical calculations to
obtain an exact value of θ. For k0 “ 0.5, one has ω0 “ ωpk0q « 0.2642, and consequently
θ « ´40.5143 ă 0. The fact that LRe is isoinertial in terms of ω gives us that npLReq “ 1 and
kerpLReq “ rφ1s for all values ω in the parameter regime. 
Proposition 3.6. Operator LIm in p2.14q defined in L2pTq with domain H2pTq has zero as the
first eigenvalue which is simple and the corresponding eigenfunction φ. Moreover, the remainder
of the spectrum is constituted by a discrete set of eigenvalues.
Proof. The proof is similar to the Proposition 3.2. In fact, since φ is positive and LImφ “ 0, we
see directly from the Floquet Theory that 0 is the first eigenvalue of LIm and it is result to be
simple. 
Gathering the results in the last two propositions, we finally obtain:
Theorem 3.7. The operator L in (2.12) defined on L2 with domain H2 has a unique negative
eigenvalue, which is simple. The eigenvalue zero is double with associated eigenfunctions pφ1, 0q
and p0, φq. Moreover the essential spectrum is empty and the remainder of the spectrum is
constituted by a discrete set of eigenvalues.
Proof. The proof of this result is an immediate consequence of Propositions 3.5 and 3.6. 
4. Orbital stability - Proof of Theorem 1.1
We are going to use [7], [8] and [11] (see also [13]) in order to obtain the orbital stability by
combining the results determined in subsection 2.2 with Theorems 3.3 and 3.7. More specifically,
in subsection 2.2, we establish the existence of a smooth curve ω P I Ă R ÞÑ φ P HnpBq, n P N
of standing waves. Theorems 3.3 and 3.7 give us that npLq “ 1 and kerpLq “ rpφ1, 0q, p0, φqs and
both are sufficient conditions to determine the orbital stability for the cases r “ 1, 2.
Let us determine η P H2pBq such that LReη “ φ. This fact is very useful to calculate
I “ pLReη, ηqL2 ă 0. In fact, to obtain η, we derive equation p1.3q with respect to ω to get
´
ˆ
1`
ż
B
φ12dx
˙
η2 ´ 2
ˆż
B
φ1η1 dx
˙
φ2 ` ωη ´ p2r ` 1qφ2rη “ φ, (4.1)
where η “ ´ d
dω
φ. Thus LReη “ φ and I becomes
I “ pLReη, ηqL2 “ ´
1
2
d
dω
ż
B
φ2dx. (4.2)
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To obtain the orbital stability, it makes necessary to determine that d
dω
ş
B
φ2dx ą 0 in each case.
When d
dω
ş
B
φ2dx ă 0, we can prove the orbital instability in the space H1e.
Case 1. B “ R.
According to p4.2q, we need to analyze the behavior of ş
R
φ2dx. In fact, from p1.4q we see thatż
R
φ2dx “ a
2
b
ż
R
sech
2
r pxqdx “ a
2
b
Mprq, (4.3)
whereMprq does not depend on ω. To analyze the sign of I, we use the arguments in Subsection
2.2 by plotting a
2
b
in each case.
‚ r “ 1
‚ r “ 2
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‚ r “ 4
Gathering the results above, we conclude that if r P t1, 2u the solitary wave in p1.4q is or-
bitally stable in H1. This fact can be precisely done by using Proposition 2.2, Theorem 3.3 and
the behavior of I in terms of r combined with the stability approaches in [7], [8] and [11]. For
the case r “ 4, we need to use only [7] applied to the space H1e. Important to mention that in
this last case, the Definition 2.5 must be considered only with the rotation symmetry since the
translation symmetry is not invariant in the space H1e. With this restriction one has npLq “ 1
and kerpLq “ rp0, φqs since the pair pφ1, 0q in the kernel of L defined in the whole space comes
from the dropped symmetry. This fact finishes the proof of Theorem 1.1 for the case B “ R.
Remark 4.1. It is worth mentioning that in the general case, we are not able to determine any
information about the orbital stability/instability. In fact, we have some difficulties to provide a
satisfactory behavior of the quotient a
2
b
in terms of ω for these waves. Our intention is to give
a positive answer for this question in a brief future.
Case 2. B “ T.
‚ r “ 1. In this case, we can deduce from p2.21q thatż
T
φ2dx “ 2a
2Epkq
b
“ 2pia
2Epkq
Kpkq , (4.4)
where a is given by p2.20q. In addition, from chain rule and the fact that dω
dk
ą 0 (see Figure 8),
we see that
d
dω
ˆż
T
φ2 dx
˙
“
d
dk
ż
T
φ2dx
dω
dk
“
d
dk
ˆ
2pia2Epkq
Kpkq
˙
dω
dk
.
Since dω
dk
ą 0, we need to show that d
dk
ş
T
φ2dx ą 0 for all k P p0, k˚q. Next picture shows us
that
ş
T
φ2dx is strictly increasing for all these values:
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‚ r “ 2. In this situation, we can establish thatż
T
φ2dx “ 2pia
2rk2Kpkq ´ k2Πpα, kq ` αΠpα, kqs
αKpkq , (4.5)
where Π is the complete elliptic integral of the third kind (see [5, Formula 110.08]). As we have
determined in the case r “ 1, we only need to prove that d
dk
ş
T
φ2dx ą 0 (since Figure 10 gives
us that dω
dk
ą 0). We can plot the picture of ş
T
φ2dx in terms of k as:
Using the arguments in [7], [8], [11], we conclude that for the cases r “ 1, 2, the periodic waves
in p1.5q and p1.6q are orbitally stable in H1. This fact finishes the proof for the case B “ T.
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